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Abstract. The grand partition function has been used to obtain analytic expressions for the 
excess free energy of mixing. the activity, the small-angle partial structure factors and 
the chemical short-range order parameter for weak interacting compound-forming molten 
alloys. Ithasalsobeenappliedtoexplaintheasymmetryin thepropertiesofmixiigofAtMg 
molten alloys by assuming that the chemical complex AI,Mg2 exists in the liquid phase. It is 
concluded that a reasonable degree of chemical order may exist in the concentration range 
0.2 S CA, S 1.0, being greatest at 60 at ,% of Al. I n  the hlg-rich end (CM8 > 0.8). however, 
the melt isclose to the ideal mixture. The topological order, at least at the longwavelength 
limit, has been found to depend only weakly on concentration. 

1. Introduction 

Phase diagrams, which are fundamental sources of information on alloy systems, and in 
particular the liquidus line [l] of AlMg alloys contrasts sharply with many other Al- 
based alloys. The melting temperatures of both the constituent metals are very close 
( T z  = 933.25 K, T;l;p = 922 K) but the melting point of alloys at every composition is 
lowerthanthatofthemetals. Itdecreaseslinearlyinthe terminalregionofconcentration 
and exhibits a flattened minimum (see figure 1) in the intermediate region 
(0.4 S CMg S 0.7). The excess free energy of mixing (GE), the excess entropy of mixing 
(Sxs) and volume of mixing (VM) are asymmetric around the equiatomic composition 
(c = 4). SM is observed to be positive at around 10% Mg content, whereas P shows a 
minimum at around 60 at.% of Al. The concentration fluctuations at the long-wave- 
lengthli i t  S,,(O),computeddirectlyfrom theobservedactivitydata,exhibit maximum 
deviation at CA, = 0.6 from the ideal solution value. The size effsc: (Q~E/Bh! = 1.34, SZ 
is the atomic volume) and the electronegativity difference (EMg = 1.2and E,, = 1.5) in 
AlMg are too small to account for the observed asymmetry in the properties of mixing. 

We have, therefore, considered a simple statistical mechanical model [2] based on 
complex formation to study the concentration dependence of GZ and the activity, the 
chemical short-range order parameter (sRO) and the long-wavelength values of the 
partial structure factors of both Bhatia-Thornton (Scc(0), S,,(O), SNc(0)) and Faber- 
Ziman forms (Q*,~!(O), aMwg(0), aAIMg(0)). To be more specific, SRO and Scc(0) are 
useful in the visualization of the nature of chemical order in the aUoy at a given con- 
centration. The notion of heterocoordination (i.e. preference of unlike atoms to pair as 
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Figure 1. Phasediagramofan AlMgalloy(Hultgrenetnl[l]). 

nearest neighbours) andself-coordination (i.e. preferenceoflikeatoms topair asnearest 
neighbours) follow readily [3-51 from the knowledge of &(O) and SRO. The number- 
density fluctuations S,,(O) has been used to interpret the topological order in AlMg at 
the long-wavelength limit. 

Though G;;f is not very large (=-0.15J mol-'), Pearson [6] suggested that the 
intermediate phase AI,Mg, exists in the solid state. We therefore, assume that the 
chemical complexes A,B,&A + vB S A,,B,, p = 3 and v = 2, A = AI and B = Mg) 
exist in the liquid state close to the melting temperature. Thus the binary A-B alloy 
consists of a mixture of A atoms, B a t o m  and a number of chemical complexes, ApB,, 
all in chemical equilibrium with one another. The concept of complex formation has 
been successfully used to explain the asymmetry in the thermodynamic properties [7- 
121 of a number of binary alloys. In section 2, we describe the formulation of the activity 
and the free energy of mixing based on the grand partition function that has been used 
to compute them as a function of concentration. The resultsof partial structure factors 
in the long-wavelength limit are discussed in section 3. The expression for the chemical 
short-range order parameter has been derived and applied in section 4. In section 5 we 
conclude, 

2. Statistical thermodynamic model 

If we consider that a binary alloy consists of NA( = NC,) atoms of the element A and N B  
( =NC,) atomsof the element B so that there are N = (NA + NB) a t o m  in all, then the 
grand partition function for the alloy can be expressed as 

where qi(T) are partition functions of atoms i (= A or B) associated with inner and 
vibrational degrees of freedom. It has been assumed that q, remain the same whether 
theatomiislocatedinapurestateorinthealloy. qAandqBare thechemicalpotcntials, 
and E is the energy of the alloy for a given configuration of N A  A atoms and NB B atoms 
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due to nearest-neighbour interactions. The sum is over all configurations and over all 
possible values of N, and NB. 

By considering atomic clusters of different sizes and by characterizing the existence 
of a privileged group of atoms, say chemical complexes A,B, (PA + vB 5 A,B,, p and 
v are small integers), Bhatia and Singh [Z] solved equation (1) to obtain analytic 
expressions for thermodynamic functions. In doing so, they assumed that the energy 
( E J  of a given nearest-neighbour bond (AB, AA or BB) is different if it belongs to the 
complexthanifitdoesnot. Theratioofthetwoactivitycoefficients, y = y,/yB,becomes 

In y = Z In U + (Z/~K,T)(PAAAEAA - PBBAEBB) + 4 

In ff = $ h(CB/CA)(p + 1 - 2cB)/(p + 1 - 2cA) 

p =  [l + 4C,CB($ - 1 ) p  

(2) 

(3) 

(4) 

where Z is the coordination number and 

where 

q2 = exp[(2W/Z+2PABA~, -P,A€A,-PBBA€BB)/KBT]. ( 5 )  
Acii(i, j = A, B) represents the difference in the energy of an ij bond between that when 
it belongs to the complex A,B, and that when it does not. ~V{=Z[E,~ - ( E ~  + eBB)/ 
211 is the interchange energy. qJ denotes the energy of an ij bond if the ij bond is a free 
bond and thus E ; ~  + AE~, denotes the energy if the ij bond is one of the bonds in the 
complex A,B,. Pji denotes the probability that an ij bond belongs to the complex and is 
expressed [2] as 

PA,  = Ckpcg(2 - cpc;) 
PBB = ckcp(2 - c.,Cg-z) v 2 2  (6 )  
PAB = c%-'cB-'(2- ck-"c;-'). 

p 3 2  

P, and Pes are respectively zero for p < 2 and U < 2. 4 in equation (2) is a constant 
independent of concentration but may depend on temperature and pressure. Its deter- 
mination is discussed shortly. 

Let us now obtain an expression for the excess free energy of mixing: 

(7 ) G X S  - - cM - N K ~ T ~  ci In c,. 
i 

The expression for G;I; can be obtained from equation (2) using the thermodynamic 
relations, 

(8) 
In YA = (l /KBT)(aG~/aN,). , , ,  

In YB = ( ~ / K B T ) ( ~ G ~ / ~ N B ) T . P . N ~ .  

N = N , + N B  c, = (NAIN) (9) 

In yA = t + C,g' In yB 1; - CA;' (10) 

Since we have 

equation (8) can be expressed as 

where 1; = CU,/NKB Tand the prime indicates differentiation with respect to C .  There- 
fore. one has 

Now using equation (2), we get 



The constant 9 is determined from the condition that tcZo = & = I  = 0. For weak 
interacting systems, AlMg is an example (GW = -0.15 J mol-'), equation (12) can be 
further simplified. The interaction energies for such systems should be sufficiently small 
that only the linear terms need be retained. We recall expression (5): 

(13) $ E eY 

with 

Y =  ( ~ / Z K B T ) ( ~ W + ~ P A B A W A B  - P ~ A W A A  - ~ B B A W B B )  (14) 
where forconvenience we have introduced, AW,, = ZA&,,(i, j = A, B). Since Y c( 1, for 
linear terms in Y, we write 

$ = I + Y  

p - 1 + 2 c A c B Y  

In U = (Y/2)(1 - 2CA). 

and 

Therefore. equation (2) becomes 
In y = (KB T)- '  [(l - 2C,)( W + AWABPAE, b CA, 

(18) 
The value of 9 is determined by setting J: In y d C = 0, which using equation (6), yields 

where b,,(B) are functions of the beta function, i.e. 

bm(B) = 2B@ + 1, V) - 2B(p, U + 1) + B(2p - 1,2v) - B(2p, 2u - 1) 
bAA(B) = B(2p - 2,2u + 1) - 2B(p, U + 1) 

bBB(B) = 2B(p + 1, v) - B(2p + 1,2u - 2) 

(20) 
(21) 

(22) 
with 

where r (m)  is the usual gamma function. With In U given by the approximation (17), 
the integration involved in the determination of GE (see equation (12)) can readily be 
evaluated in closed form for given values of p and v. For AlMg liquid alloys (p = 3, 
v = 2) one obtains: 

GE = NWCACB +AWAEJAB(~) +AWAA~AA(C) + A ~ B B ~ B B ( ~ ) )  (24) 

f-(C)= ~c+%c' -~c '+3c5+3c~-gc '+~c~ (25) 

with 

f A A ( c )  = - &C+ SC' - sc4 + gcs - C6+ ?C7 - hC8 (26) 
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Figure 2. Excess free energy of mixing (GZ)  and 
activity ratio (In yAJyMJ of AlMg liquid alloys 
at 1073K. - : theory, x x x :  experiment 
( G Z / N K , T )  - - -: theory, 000: experiment 
(10 Y U I Y M ~ .  

Figure 3. Bhatia-Thornton partial structure fac- 
tors (&(a), StiN(0) and SNc(0)) of AlMg liquid 
alloys ( T  = 1073 K) in the long-wavelength limit. 
The curves are from theory and the points were 
directly obtained from activity data. 

f S S ( C ) = # & c - $ C 4 + $ C s +  $c7--gc8. (27) 
The above relationships could be used easily to study the concentration dependence of 
In yand GE provided that theenergyparameters Wand AW, were known.Theseenergy 
parameters may depend on temperature and pressure but are independent of con- 
centration. If W and AW>] are made concentration dependent then the very structure of 
the complex-formation model weakens. In the actual calculation, a reasonable choice 
of the relevant interaction energies was made from experimental data on GE at a couple 
of concentrations. However, it then remains the same for dl investigations including 
that of the atomic order of AlMg liquid alloys. The choice of interaction energies at 
1073 K are as follows: 

The computed values of C;;; are plotted in figure 2 and are compared with the exper- 
imental values as compiled by Hultgren er al [l]. Theory and experiment are in good 
agreement. It is expected that because the minimum value of GM/RT = -0.97, this is 
an indication that the tendency to form chemical complexes is not too strong [13], and, 
therefore, that the approximation developed here should apply to AIMg. 

The Gz - C curve is asymmetric around the equiatomic composition and exhibits a 
minimum around the compound-forming concentration Cc = CA, = p/(@ + v) = 0.6. 
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Though thc asymmetry in G i  (both from theory and experiment) is quite visible, the 
asymmetry in GM (G, = C' + Od) is not equally so. This is due to the values of GId 
(= NKB 2; C, In C,) being large compared with those of Gxs. 

The activity ratio computed from (18) is also plotted in figure 2. For the sakc of 
comparison, the experimental points are also depicted; the two are in good agreement. 
The same set of interaction energies (28), which are independent of concentration, 
explain the concentration dependence of GS and the activity ratio simultaneously. 

3. Low-angle partial structure factors 

The partial structure factors of Bhatia and Thornton [14] (Sm(O), SNN(0), SNc(0)) and 
Faber and Ziman [lS] (aAlAl@), aMMg(0) andaAlM8(O)) at long wavelengths (q+ 0) can 
easily be evaluated by using the thermodynamic equations derived in the previous 
section. Of these, the concentration fluctuations, Scc(0), are of immense help in under- 
standing the segregation (preference for like atoms to pair as nearest neighbours) and 
the extent of local order (preference for unlike atoms to pair as nearest neighbours) in 
binary molten alloys. Scc(0) is also being used [16] to shed light on the phenomenon of 
easy glass formation where glasses are obtained by quenching the molten alloys. The 
necessity for and the importance of such functions have been greatly emphasized in 
various reviews by March et d [17] ,  Chieux and Ruppersberg [NI, Steeb et a1 [19], 
Wagner [20] and Singh [3]. 

The concentration fluctuation, Scc(0), for a binary mixture are expressed as 

Scc(0) = N((A.C)') (29) 
where ((AC)z} represents the mean square fluctuations in the concentration, which are 
readily derived [14] from statistical mechanics in terms of the free energy of mixing, i.e. 

sCc (0) = NK, T(J~G,/J ~ ~ ) f ( ~ , ~ ~ .  

Equation (7), (24) and (3) yield 

where j ;  = d2ft,/dC2. At this point it might be appropriate to identify S&O) in terms 
of the excess stability function, E" introduced by Darken [21] 

E'' = RT(l /Scc(O) - 1/c,cB). (32) 

Scc(0) = S& = CACB and EU = 0. (33) 

For ideal alloys, the interaction energies are zero (W = AW,, = 0), one readily obtains 

Scc(0) as obtained from equation (31) can, furthermore, be used to determine the 
other two correlation functions, namely the number-density fluctuations SNN(0) and the 
number-concentration correlation terms SNc(0), i.e. 
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0 = ( l /v)(av/ac)T,P.N = (vAl - vM&/v (36) 
where Vis the molar volume of the alloy, p is the number density and xT stands for 
isothermal compressibility. The data for compositional dependence of V have been 
taken from values obtained by Pelzel [22]. For xT we assume that xT = C,x+l + 

If the molar volume of the two species are the same, then 0 = 0 and equations (34) 
CBXP. 

and (35) simplify to 

SNN(O) = PKBT%r (37) 

SNC(0) = 0. (38) 
Obviously the fluctuations in number density are independent of those in concentration 
and the expression is like that for the pure liquid (S(0) = pKBTxT) .  The above equations 
also indicate that there is no correlation between the fluctuations in number density and 
the fluctuations in concentration, i.e. SNN(0) and Scc(0) oscillate independently. 

We recall that S&q) and SNN(q) are widely used [18,20] to interpret the chemical 
and topological short-range order in structurally disordered systems, respectively. Thus 
Scc(0) and SNN(0) furnish valuable information about atomic order, at least in the long- 
wavelength limit. 

Scc(0) computed from equation (31) for AlMg is plotted in figure (3) as a function 
of concentration. In principle, Sc-(0) can also be determined directly from the small- 
angle diffraction experiments, but it poses a much more difiicult experimental problem 
and has never been accomplished successfully. Funel-Bellissent et a1 [U] observed that 
the low-angle neutron scattering which leads to an abnormal scattering cannot be 
interpreted as being due to the density and concentration fluctuations of aclassical binary 
liquid alloy. Thus we have no information on Scc(0) from the diffraction experiments, 
although it can be determined directly from the measured activity data following the 
equalities 

SCC(0) = c M g a A l ( a a A , / ~ c A l ) ~ . ' P , ~  = C A l a M , ( a a M , / a C M , ) ~ , ' ~ , ~ .  (39) 
&(O) computeddirectlyfrom the activity are usually termed experimental values. Here 
one needs to evaluate the first derivative of activity with respect to C. With a view to 
minimizing the errors involved in numerical differentiation, we make a series expansion 
of the observed activity data [l]  at 1073 K. 

aAl = 0.498 CA, + 0.349 C', - 1.478 Ca, - 1.866 Ci l  + 39.244 CAl 

- 106.159 C S  + 105.542 C ~ I  + 0.378 C$,i - 66.929 C& 

+ 31.319 CF, (40) 
a,, = 0.119 C ,  + 2.046 Cb, - 3.824 Ca, + 18.869 C& 

- 48.868 C'M, + 58.799 C$ - 30.638 Ch, + 9.076 Cifg 

+ 6.098 CL, - 1.609 C&. (41) 
The last two equalities of equation (39) along with (40) and (41) provide another 

check on the value of Scc(0). 
Figure (3) indicates that S,(O) computed from the theoretical expression (31) and 

that from (39) are in good agreement. We recall that the values of Scc(0) can readily be 
used to interpret [3] the nature of chemical order in binary liquid alloys. If ,  at a given 
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Figure 4. Fabrr-Ziman partial structure factors 
( % d o ) ,  OM,M,(~) and %w&J)) of A M  at 
1073 K.  The cuwes show theoretical predictions 
and the points represent experimental values. 

NM CA, 

0 

a1 

-0.08 

-0.16 
Figure 5. The chemical short-range order par- 
ameter (al) for lhe hrst coordination shells of 
AlMg alloys at 1073 K.  

composition, Scc(0) % Sh(O), then there is a tendency for segregation (prcference for 
like atoms to pair as nearest neighbours) and Scc(0) Q S&(O) indicates order (pref- 
erence for unlike atoms to pair as nearest neighbours) in the alloys. 

The values of Scc(0) obtained for AlMg liquid alloys at 1073 K are clearly not ideal. 
The maximum deviation occurs around the compound-forming concentration C, = p/  
(p  + v) = 0.6, S$?-(O) - SCC(0) exhibits a peak at this concentration. There is order in 
the alloy in the concentration range 0.2 S CAI S 1.0. At the Mg-rich end (CMg 2 0.8), 
however, the alloy behaves very much like an ideal mixture. 

The number density fluctuations, SNN(0) in AlMg alloys are much smaller than 
Scc(0). SNN(0) varies almost linearly with concentration; that is to say that in contrast to 
chemical order. the topological order in AlMg liquid alloys depends very little on 
Concentration. SNN(0) at pure ends are also approximately the same. In addition, it 
should be noted that the coordination numbers of AI and Mg (ZAl = 10.6, ZMp = 10) 
near the melting point are not much different. The correlation term SNc(0) is also small 
but shows variation with concentration. Due to the linear variation ofSNN(0), the nature 
of SNc(0) is the same as that of Scc(0). 

The Faber-Ziman [I51 partial structure factors a,(O) in the long-wavelength limit 
can also be obtained from Scc(O), S”(0) and SNC(O), i.e. 

uAIAl(o) = PKBTXT - cMg/c.4J + (l - cAle)2sCC(o)/c& 

aMghig(o) = pKB r x T  - CN/cMg + (l + cMge)*SCC(o)/c&g (42) 
a.AIMg(o) = P E C B T X T  + - (l - CAIe)(l + cMge)SCC(o)/cA,cM&. 

For ideal alloys S,(O) = CAICMs and if 0 = 0, then (42) reduces to 

Again, expression (43) is like that for a pure liquid, and there is no structural~corrclation 
between the constituent species. The computed values of ay(0)~for AlMg are plotted 
in figure 4. All three structure factors depend strongly on concentration and exhibit 

aAIAI(o) = aMgMg(o) = aAIM$(o) = P K B T X P  (43) 
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complicated behaviour. Often in the calculation of transport properties it is assumed 
that the partial structure factors are independent of composition, but this seems a poor 
approximation for the case of AIMg. 

4. Chemical short-range order parameter 

It is clear from the previous section that chemical order exists in AlMg alloys in the 
concentration range 0.2 S CAI 6 1.0. This can best be understood quantitatively by 
evaluating the Warren-Cowley [24-25] short-range order (al) .  For the first-neighbour 
shell, aI can be defined as 

@ / B )  = c A ( 1  - ai) (B /A)  = C B ( ~  - 011) (44) 

where i/j defines the probability that ani  atom exists as a nearest neighbour of a given j 
atom. aI provides an immediate insight into the local arrangement of atoms in the alloy. 
For a random distribution of atoms (i.e. ideal alloys), (A/B) is simply CA and (B/A) is 
(CB), then a1 = 0. If ai < 0, then A-B pairs of atoms are preferred over A-A or B-B 
pairs as nearest neighbours, and for the converse case, al > 0.' From a simple pro- 
babilistic approach, the Limiting values of al can easily be shown to lie in the range 

For equiatomic composition (CAI = 0.5) one has -1 =z aI 1. The minimum possible 
values of a,, i.e. a y  = -1, represent the complete ordering of pairs of nearest- 
neighbour atoms in the A-B configuration, whereas a y  = + 1 suggests segregation 
leading to the formation of A-A pairs or B-B pairs in the alloy. 

The conditional probability (i/j) can readily be evaluated [2] from the knowledge of 
the grand partition function. This enables one to write 

a1 = (/3 - 1)(P + l)-I 

a1 = C(1- C)Y/[l + C(1- C)Y] 

(46) 

where /3 is defined in (4). In view of approximation (16), a, becomes, 

(47) 

where Y is a function of interaction energies and is given in (14). With the help of 
interaction energies, as provided in expression (28), we have computed a1 as a function 
of concentration; we have taken 2 = 10. The values of a ,  are plotted in figure 5 and 
could not be checked by comparison, as no other experimental and theoretical results 
exist. 

The a1 - C curve is also asymmetric and exhibits a minimum around 67 at.% of AI. 
The negative value of a1 indicates that there is a preference for unlike atoms (AI-Mg) 
to pair as nearest neighbours. Furthermore, we observe that the ordering is larger at the 
Al-rich end than at the Mg-rich end. It should, however, be mentioned that the mag- 
nitudeof a,ismuchsmallerthanrequiredforcomplete ordering(see (45)). Forexample, 
at stoichiometric composition (CAI = 0.6), aI = -0.117 compared with the -0.66 
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needed for complete ordering. Similarly, the magnitude of a, at other concentrations 
can also be used to interpret the degree of order that exists in the alloy. 

N K P Singh et a1 

5. Conclusion 

Being a weak interacting system, the properties of mixing of AlMg liquid alloys are 
asymmetric as a function of concentration. The anomalous behaviour has beenexplained 
by assuming that the preferential ordering of atoms in the form AI,Mg,exists in the melt 
close to the melting temperature. There is heterocoordination (preference for unlike 
atoms to pair as nearest neighbours) which depends sensitively on the concentration 
being at a maximum around C, = 0.6. The AlMg liquid alloys deviate most from the 
ideal behaviour at around 60 at.% of AI, but at the hlg-rich end (0.8 < C M ~  S 1) the 
alloy compositions tend towards ideal mixtures. The topological order seems to depend 
weakly on concentration. 
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